An irreducible GF -module is called -invariant if it is equivalent to the GF -module de ned by g = g . The notion of -invariance extends to the Grothendieck group KG of GF . The subgroup KG; of KG which is generated by the irreducible -invariant GF -modules is a direct summand of KG ; its complement is generated by the irreducible non--invariant GF -modules. Let denote the image in KG; of a GF -module . Denote I; by I . It is clear that I is -invariant and I 6 = 0 . W e say that I 0 lifts to I 0 ; 0 0 , and I 0 to I 0 ; 0 0 , i f I 0 ; 0 0 = I . This is a trivial case of a de nition in terms of character relations see II of a surjective lifting monomorphism from KH to KG; . The trivial HF -module lifts to the trivial GF -module, and consequently the Steinberg HF -module lifts to the Steinberg constituent in I , where x = j x j .
If F is non-archimedean, let R denote its ring of integers , put K = GR and K 0 = HR . A G F -module is called unrami ed if it has a non-zero K -xed vector. An HF -module is called unrami ed if it has a non-zero K 0 -xed vector. If I 0 ; 0 0 is -invariant and unrami ed then there is with I 0 ; 0 0 = I . If I 0 ; 0 0 6 = 0 and it is not of the form I , then 0 ; 00 and 0 00 are characters of strict order two. Let F be a global eld. Let A be the ring of adeles of F . Denote the completion of F at its place v by F v . An irreducible GA -module is the restricted direct product v over all places v of F of irreducible G v = GF v -modules v ; for almost all v the component v is unrami ed and there are unrami ed characters v and 0 v of F v such that v is the unique unrami ed subquotient of I v ; 0 v . If is -invariant then v is the unique unrami ed subquotient of I v for some unrami ed v . Similarly an irreducible HA -module 0 is 0v with unrami ed 0v in I 0 v ; v unrami ed, for almost all v . We say that an irreducible HA -module 0 = 0v quasi-lifts to the irreducible GA -module = v if for almost all v the induced representations I 0 v ; 00 v determined by v is I v where 0v determines I 0 v . Let 0v be an irreducible H v = HF v -module, and 0 0v an irreducible GL2; F v -module whose restriction to H v contains 0v . The packet of 0v is the set f 0v g of the images 0v in KH v of the irreducible H v -modules 0v in the restriction of 0 0v to H v ; it is independent of the choice of 0 0v ; it consists of at most four elements, and it contains at most one unrami ed element. To simplify the notations we write f 0v g for f 0v g ; it is a set of H v -modules which are determined only up to equivalence. The packet f 0 g see LL of the irreducible HA -module 0 = 0v is the set of all equivalence classes of irreducible HA -modules 0 0 = 0 0v with 0 0v ' 0v for almost all v and 0 0v in f 0v g for all v . If 0 quasi-lifts to then each memberof f 0 g quasi-lifts to and we say that the packet of 0 quasi-lifts to .
Let LH be the space of smooth complex-valued slowly increasing functions on HFnHA , and L 0 H the subspace of with R UFnUA uxdu = 0 . Here U is the group of upper triangular unipotent matrices in H . The group HA acts on LH , and on L 0 H , b y right translation. An irreducible constituent of LH resp. L 0 H is called an automorphic resp. cuspidal HA -module.
Let K be a quadratic galois extension of F . Let N denote the norm map from K to F . Let K 1 denote the kernel of the map N : K ! F , thus K 1 = fx in K ; xx = 1g . Let A 1 K be fxin A K ; xx = 1g; A K is the group of K -ideles,
x is the image of x under GalK=F . Let be acomplex-valued character of As shown in IV, x2 , this follows not without e ort from the Theorem presently to be stated. In the notations of IV , it is clear that f 0 g quasi-lifts to I=; . It is also shown in IV, x2 that the Theorem below implies: 4 the "twisted" character of a -invariant supercuspidal G v -module is a -stable function it is constant on each stable -conjugacy class of -regular elements in G v , and 5 the -invariant automorphic GA -modules which are not quasi-lifts of automorphic HA -modules are of the form I 1 or I 1 ; 1 where 1 is a cuspidal or one-dimensional P G L 2; A -module. Other applications of the theory of the symmetric square are described in IV, x2 .
Put H 1 = P G L 2 . Let f v resp. f 0v ; f 1 v denote a complex-valued, smooth that is, locally-constant i f F v is non-archimedean, compactly-supported function on F v resp. H v ; H 1 v . If F v is non-archimedean put K 1v = H 1 R v , and let f 0 v resp. f 0 0v ; f 0 1 v be the measure of volume one which is supported on K v resp. K 0v ; K 1 v and is constant on this group. Here we used the uniqueness of the Haar measure up to a constant to identify the space of locally-constant compactlysupported measures with the space of locally-constant compactly-supported functions on G v resp. H v ; H 1 v once a Haar measure is chosen.
At any place v , the functions f v and f 0v resp. f v and f 1v are called matching if they have matching orbital integrals for a de nition see I, x3 ; brie y, they satisfy st ; f v = 0 st ;f 0 v for every in G v with regular norm = N , respectively, us ; f v = 1 1 1 1 ; f 1 v for every in G v with regular norm 1 = N 1 ; st ; f v means "stable -orbital integral of f v at ", and us ; f v is the "unstable -orbital integral of f v at ". These are de ned and studied in I, x3 . It follows from the proofs of IV, x2 that the Main Theorem is a consequence of the following Theorem. We have T = 0 for any matching f;f 0 ; f 1 as above.
It is also shown in IV, x2 that when T = 0 then I = I 0 ; I 0 = I 0 0 ; I 0 0 = I 00 0 ; I 1 = I 0 1 . In IV, 1.6.3 , the theorem is proven in the case that there exists a place u of F such that f 1u = 0 . Then f 1 = 0 and I 1 = 0 , and T depends only on the f and f 0 with matching f v and f 0v , such that f u and f 0u satisfy the conditions implied by f 1u = 0 . In particular, IV, x2 uses the fact that f 0 v and f 0 0v are matching, but not the statement that f 0 v and f 0 1v are matching. In IV, x2 the special case of the Main Theorem which concerns cuspidal HA -modules with a square-integrable component at u is deduce from the special case T = 0 if f 1u = 0 of the Theorem. The assertion that f 0 v and f 0 1v are matching is proven by local means in V . Assuming this result, our Theorem becomes accessible to the method of proof of IV, x2 , and the purpose of this article is to prove it. The proof is a natural extension of the proof given in IV, 1.6.3 under the assumption that f 1u = 0 . It is based on the usage of regular, or Iwahori type, functions.
It is clear from the proof given below that it applies to establish relatively effortlessly, and conceptually, the analytic part of the comparison of trace formulae for general test functions in any lifting situation where all groups involved have split rank bounded by one. In our case the "twisted" rank of G = P G L 3 is one. In particular our technique establishes the comparison of trace formulae for any test functions in the cases of 1 base-change from U3 to GL3; E which is studied in F3 , F4 , F7; IV , and F5 F6 contains another proof of the trace formulae comparison for a general test function in the case of base-change from U3 to GL3; E ; it relies on properties of quasi-spherical functions, but does not generalize to establish our Theorem, 2 cyclic base-change lifting for GL2 see F8 where our present technique is used to give a simple proof of this problem; 3 base-change form U2 to GL2; E see F2 ; 4 metaplectic correspondence for GL2 see F1 .
The proof of the Theorem is based on the usage of regular functions in the sense of IV , FK , and F7; III, IV . That such functions would be useful in this context was discovered by us while working on the joint paper FK with D. Kazhdan, being inspired by the proof , see FK , Sections 16, 17 , of the metaplectic correspondence for representations of GLn with a vector xed by an Iwahori subgroup. Although these functions can be introduced for any quasi-split group, to simplify the notations we discuss these functions here only in the case of the group GLn and S L n ; P G L n .
Let F be a local non-archimedean eld, R its ring of integers, a local uniformizer in R;q = ,1 ; q the cardinality of the residue eld R=;j j the valuation on F normalized to have jj = q ,1 thus jqj = q; G the group GLn; F; K = GLn; R a maximal compact subgroup in G; B the Iwahori subgroup of G which consists of matrices in K which are upper triangular modulo ; A the diagonal subgroup of G , AR = A K = A B , and U the upper triangular unipotent subgroup; AU is a minimal parabolic subgroup.
The vector m = m 1 ; ; m n in Z n is called regular if m i m i+1 for all i 1 i n . Let q m bethe matrix diag q m 1 ; ; q m n in A . The matrix a = diag a 1 ; ; a n in A is called strongly regular if ja i j ja i+1 j for all i , and m -regular if a = uq m for a regular m and u in AR . A conjugacy class in G is called strongly resp. m -regular if it contains a strongly resp. m -regular element. An element of G is called regular if its eigenvalues are distinct.
Denote by J the matrix whose i; j entry is i;n,j . Put g = J t g ,1 J . Analogous de nitions will now beintroduced in the non-twisted case. We simply have to erase everywhere. Thus the orbital integral of a locally-constant compactly-supported complex-valued function f on G at in G is denoted by ;f = R 1 follows; the proof of 2 is similar.
The Weyl group W is isomorphic to the symmetric group S n on n letters. It is generated by the simple transpositions s i = i; i + 11 i n . The length function`on W associates to each w in W the least non-negative i n teger`w such that w can be expressed as a product of`w simple transpositions. It is easy to verify that m w u is zero for every u 6 = w in W with`u `w . Proof. This is easily proven by induction. To obtain this formula, we argue as follows. The non-commutative binomial expansion, easily veri ed by induction, asserts Z + N m = s r =1 fi j ; r j=1 i j =m+1,rg Z i 1 N Z We conclude that for f 0 = f 0v as in Proposition 11, the group theroetic side of the trace formula consists only of orbital integrals of elliptic regular elements; weighted orbital integrals and orbital integrals of singular classes do not appear.
In The summands 11:2 w which are indexed by w 6 = u depend on f 0u via tr I 0 u f 0u = z m + z , m ; they can be included in the expression 11.1 0 on changing dz to another function with the same properties. Left is only 11.2 u , in which tr R ,1 w R 0 w I 0 w ; f 0 w is given by Corollary 10. This completes our discussion of the trace formula for H = S L 2 . Clearly this discussion applies also in the case of H 1 = P G L 2 . Again we take a global function f 1 = f 1v matching, as in the statement of the Theorem, whose component f 1u at u is su ciently regular with respect to the other components, so that the analogue of Proposition 11 holds. The group theoretic part of the trace formula for H 1 then consists of orbital integrals of elliptic regular elements. There appears a sum of traces tr 1 f 1 , described as I This completes our discussion of the trace formula for H 1 = P G L 2 .
Remark. The above discussion applies for any group of rank one. For example it applies also in the case of the unitary group U3 in three variables, de ned by means of a quadratic extension E = Fsee F3 , F4 and F5 . Here we take a place u which stays prime in E , and note that the de nition of c w in the quasi-split case is di erent from the split case discussed here; see C2 , p. 397. It remains to carry out analogous discussion of the twisted trace formula of G = P G L 3 for a function f = f v as in the Theorem whose component f u at u is su ciently regular with respect to the other components. Again the trace formula consists of 1 twisted orbital integrals of -elliptic regular elements only, by virtue of the immediate twisted analogue of Proposition 11; 2 discrete sum described as I ; I 0 ; I 0 0 in III , p. 201 and p. 203, and IV, 1.3 ; 3 an integral as in 11.1 0 , see S of III , 2.2.4 on p. 202; 4 a sum over w of terms analogous to 11.2 w , see S 0 of III , 2.2.5, p. 202. Note that the contribution to our formulae is S + S 0 =4 , see the line prior to 2.2.4, III , p. 202. Only the term at w = u has to be explicitly evaluated, and we proceed to establish the suitable analogue of Corollary 10 and Proposition 12 for PGL3, twisted by .
Recall that if is a G -module we de ne to be the G -module g = g . The notion of a -invariant G -module is de ned in the introduction. Proof. We proved this using the symbolic manipulation language Mathematica. The di erence of the two sides of the Proposition is denoted by DIFF in the le given below, and it took the OSU Sun computer three minutes to arrive at the conclusion that DIFF=0. The le is given as an appendix at the end of the paper. Remark. The fact that Zz; n; m depends only on n + m is remarkable.
Corollary 16. The sum of twice 11:2 u for H = S L 2 with 11:2 u for H 1 = P G L 2 is equal to the term 11:2 u for G = P G L 3 .
Proof. It follows from Proposition 14 that the function m; with m = m + n; n; 0 matches the function m+n;,m,n on H = S L 2 and m+n;0 on H 1 = P G L 2 . Using III , p. 204, `: , 4 , p . 207, `: , 5 , and p. 209, `: 5 the sum ranges over the w in W 0 = Norm AE ; G E =AE . Such w lies in W E = Norm AE; G E =AE , and it satis es w = w , hence it lies in W = W F = W h i E . Since 0 = 0 there is an unrami ed character of AF with 0 a = N a a 2 A E . We write = as in the non-twisted case unitary unrami ed, 0 , a 1 for all 2 , and 0 = 0 0 .
The normalized module of UE -coinvariants of a G 00 -module 00 is denoted by 00 U ; it is an A 00 = AE o h i -module. The value of the character 00 at t 0 , m ultiplied by the factor t 0 , is equal by the twisted analogue of C recorded in F9 , Lemma 1, p. 131 to the value of 00 U at t 0 ; contributions to this trace are obtained only from A 00 -modules whose restriction to AE is a -invariant c haracter. Namely the -exponents of any constituent o f I 0 0 0 are among the w 0 0 t 0 = w N t . F rom the discussion in the non-twisted case, it follows that the exponents of the G ad E -orbit of the spherical subrepresentation of I 0 0 0 include those parametrized by the w in W M , but no other constituent of I 0 0 0 has these exponents. Since in the stable trace formula only orbits under the adjoint group appear, rather than individual representations, Lemma 6.5 now follows from Lemma 6.4 of F9 .
